for Steiner triple systems is precisely the set of all n ≡ 1 or 3 (mod 6) and that if (S, T ) is a triple system |T | = n(n − 1)/6.
A hexagon triple is the graph consisting of three triangles (triples) 
We will denote this hexagon triple by any cyclic 2-shift of [a, b, c, d, e, f] or [a, f, e, d, c, b]. A 3-fold hexagon triple system of order n is a pair (X, H),
where H is a collection of edge disjoint hexagon triples which partitions the edge set of 3K n with vertex set X. The spectrum for 3-fold hexagon triple systems is precisely the set of all n ≡ 1 or 3 (mod 6) [4] , and if (X, H) is a 3-fold hexagon triple system then |H| = n(n − 1)/6. The shrewd observer will notice that the spectrum for triple systems and 3-fold hexagon triple systems is precisely the same. Not only that but the number of hexagon triples in a 3-fold hexagon triple system of order n is the same as the number of triples in a Steiner triple system. The following question is immediate: For which n ≡ 1 or 3 (mod 6) is it possible to construct a 3-fold hexagon triple system with the property that the "inside" triples form a Steiner triple system of order n?
In [4] Selda Küçükçifçi and C. C. Lindner proved that this is always possible for all n ≡ 1 or 3 (mod 6). Subsequently, a much stronger result was obtained by Lucia Gionfriddo [2] who proved that every Steiner triple system is the inside of some 3-fold hexagon triple system.
In everything that follows "hexagon triple system" means a 1-fold hexagon triple system. It is well-known that the spectrum for hexagon triple systems is precisely the set of all n ≡ 1 or 9 (mod 18) and that if (X, H) is a hexagon triple system of order n then |H| = n(n − 1)/18. Clearly the "inside" triples of a hexagon triple system cannot form a triple system; not enough inside triples. So the following problem is immediate. What is the largest Steiner triple system that can be embedded in the partial triple system consisting of the inside triples of a hexagon triple system. We need to be a bit more specific. Let (X, H) be a hexagon triple system of order n and denote by P the collection of inside triples. Then (X, P ) is a partial triple system of order n. We will say that the triple system (S, T ) is embedded in (X, H) provided S ⊆ X and T ⊆ P . Of course, we would like |S| to be as big as possible. ST S(
Example 1.1 ((STS(7) embedded in a HTS(19)).) HT S(19)
The following two constructions show that any triple system of order 6k + 3 can be embedded in a hexagon triple system of order 18k + 9 and any triple system of order 6k + 1 can be embedded in a hexagon triple system of order 18k + 1. Whether or not these embeddings are best possible remains on open and interesting question. (See Section 4.)
The interested reader is referred to [1, 7] for related work on embedding Steiner triple systems into K 4 \e designs and S(2, 4, v)s.
2 The 18k + 9 Construction.
Let (S, T ) be any triple system of order 6k + 3 and set X = S × {1, 2, 3}. Define a collection H of hexagon triples as follows: Then (X, H) is a hexagon triple system of order 18k + 9 and the triple system (S, T ) of order 6k + 3 is embedded in it. We have the following result. At this point we have embedded ({∞} ∪ S, T ) into the partial hexagon triple system consisting of the hexagon triples in (1) and (2). If we can partition the remaining edges into hexagon triples we will have an embedding of ({∞} ∪ S, T ) into a hexagon triple system of order 18k + 1.
(3) Let (S, G, B) be a GDD(6k, 2, 3). Further let π be a collection of k parallel triples with the property that each group belonging to G intersects exactly one triple in π. Such a GDD is an immediate consequence of the Skolem Construction [8] for Steiner triple systems formed by deleting ∞; the vertical triples form π. (See [6] for example.) So, π covers 3k points. We can take the groups in G to be {{x, y} | {∞, x, y} ∈ T } where {(y, 1), (y, 2), (y, 3)} is the missing vertical triple in the type (1) hexagon triples. For each triple belonging to π place three hexagon triples in H as in (3) in the 18k + 9 Construction.
(4) For each triple in B which does not belong to π place two hexagon triples in H as in (2) in the 18k + 9 Construction.
Then (X, H) is a hexagon triple system of order 18k+1 and, as has already been mentioned, ({∞} ∪ S, T ) is embedded in it. We have the following theorem. 
Concluding remarks.
Let (X, 3H) be a triple system and S ⊆ X. The subset S is said to be independent provided it contains no triples of 3H. In other words, if {x, y} ⊆ S and {x, y, a} ∈ 3H, then a ∈ X\S. In Whether or not these bounds can be obtained is a difficult problem. An easier problem (so it seems to the authors) is to construct hexagon triple systems containing triple systems satisfying the best possible bounds; or at least better than the bounds in Theorems 2.1 and 3.1.
